Derivation of a reduced effective model allows for a unified treatment and discussion of the J1-J2 Heisenberg model on a triangular and kagome lattice. Calculating thermodynamic quantities, i.e. the entropy s(T ) and uniform susceptibility χ0(T ), numerically on systems up to effectively N = 48 sites we show by comparing to full-model results that low-T properties are well represented within the reduced model. Moreover, we find in the spin-liquid regime similar variation of s(T ) as well as χ0(T ) in both models down to T ≪ J1. In particular, the spin liquid appears to be characterized by Wilson ratio vanishing at low T , indicating on the low-lying singlet dominating over the triplet excitations. There is even more extensive literature on the HM on the kagome lattice (KL) confirming the absence of g.s. LRO order [35] [36] [37] [38] [39] . The prevailing conclusion of numerical studies of the g.s. and lowest excited states is that HM on KL has a finite spin triplet gap ∆ t [39] [40] [41] [42] (with some evidence pointing also to gapless SL [38, 43] ), but much smaller or vanishing singlet gap ∆ s ≪ ∆ t [35, 42, [44] [45] [46] [47] [48] . On the other hand, extensions into the J 1 -J 2 model [43, 49] with J 2 > 0 again leads towards g.s. with magnetic LRO. Still, HM on both lattices in their respective SL parameter regimes have been studied and considered separately, not recognizing or stressing their similarity.
Introduction. Studies of possible quantum spin-liquid (SL) state in spin models on frustrated lattices have a long history, starting with the Anderson's conjecture [1] for the Heisenberg model on a triangular lattice. In last two decades theoretical efforts have been boosted by the discovery of several classes of insulators with local magnetic moments [2] [3] [4] , which do not reveal long-range order (LRO) down to lowest temperatures T . The first class are compounds, as the herbertsmithite ZnCu 3 (OH) 6 Cl 2 [5] , which can be represented with Heisenberg S = 1/2 model on kagome lattice, being the subject of numerous experimental studies [6] [7] [8] [9] , now including also related materials [10] [11] [12] [13] [14] [15] confirming the SL properties, at least in a wide T > 0 range. Another class are organic compounds, as κ-(ET) 2 Cu 2 (CN) 3 [16] [17] [18] [19] , where the spins reside on a triangular lattice. Recently, the charge-density-wave system 1T-TaS 2 , which is a Mott insulator without magnetic LRO and shows spin fluctuations at T > 0 [20] [21] [22] [23] , has been added into this family.
Numerical [24] [25] [26] and analytical [27] studies of the nearest-neighbor (nn) quantum Heisenberg model (HM) on a triangular lattice (TL) confirm a spiral long-range order (LRO) with spins pointing in 120 0 tilted directions. Introducing the next-nearest-neighbor (nnn) coupling J 2 > 0 enables the SL ground state (g.s.) in the part of the phase diagram [28] [29] [30] [31] [32] [33] [34] . There is even more extensive literature on the HM on the kagome lattice (KL) confirming the absence of g.s. LRO order [35] [36] [37] [38] [39] . The prevailing conclusion of numerical studies of the g.s. and lowest excited states is that HM on KL has a finite spin triplet gap ∆ t [39] [40] [41] [42] (with some evidence pointing also to gapless SL [38, 43] ), but much smaller or vanishing singlet gap ∆ s ≪ ∆ t [35, 42, [44] [45] [46] [47] [48] . On the other hand, extensions into the J 1 -J 2 model [43, 49] with J 2 > 0 again leads towards g.s. with magnetic LRO. Still, HM on both lattices in their respective SL parameter regimes have been studied and considered separately, not recognizing or stressing their similarity.
In this Letter, with the goal to put extended J 1 -J 2 HM on TL and KL on a common ground, we construct a reduced effective model (EM), which is based on keeping only the lowest doublet S = 1/2 states in a single triangle. Such an EM has been previously introduced for KL [35, 36, 50] but not yet studied in connection with the TL and also not employed to evaluate T > 0 properties. While such an EM has an evident advantage of reduced number of states in an exact-diagonalization (ED) study and hence allowing for somewhat larger lattices (in our study up to N = 48 sites), it allows also an insight into the character of low-energy excitations, being now separated into spin (triplet) and chirality (singlet) ones. The main focus of this work is on the numerical evaluation of thermodynamic quantities, i.e. entropy density s(T ) and uniform susceptibility χ(T ), within the SL parameter regimes, approached before mostly by high-T expansion [44] [45] [46] [47] [51] [52] [53] and only recently with numerical methods adequate for lower T ≪ J 1 , both on TL [54] and KL [48] . Wilson ratio. Our results in the following reveal that in both lattices (in the SL regime) s(T ) and χ 0 (T ) are very similar in a broad range of T . Here very convenient quantity is T -dependent modified Wilson ratio R(T ), defined as
and is equivalent (assuming theoretical units k B = gµ B = 1) to the standard (T = 0 constant) Wilson ratio in the case of Fermi-liquid behavior s = C V = γT . Definition Eq. (1) is convenient since it has meaningful T dependence due to monotonously increasing s(T ), having also finite high-T limit R ∞ = π 2 /(3 ln 2) = 4.75. Moreover, it can differenciate between quite distinct T → 0 scenarios: a) in the case of LRO at T → 0 one expects
in a gapless SL with large spinon Fermi surface one would expect Fermiliquid-like R 0 ∼ 1 [3, 19, 22] , c) R 0 ≪ 1 or a decreasing R(T → 0) → 0 would indicate a dominating low-energy singlet excitation over the triplet ones [3, 42] . In the following we find in the SL regime numerical evidence for the last scenario, which within the EM we attribute to low-lying chiral fluctuations being a hallmark of SL. Effective model. We consider the isotropic S = 1/2 extended J 1 -J 2 Heisenberg model,
on the TL and KL, where J 1 > 0 and J 2 refer to nn and nnn exchange couplings, respectively. The role of J 2 > 0 in TL is to destroy the 120 0 LRO allowing for a SL [28-30, 32, 54] , while for KL it has the opposite effect [49] . Further we set J 1 = J = 1 as an energy scale. Model (2) on both lattices can be represented as coupled basis triangles [35, 36, 50] where we keep in the construction of the EM four degenerate S = 1/2 states (local energy
where φ = 2π/3, ↑, ↓ are (new) spin states and ± refer to local chirality. One can rewrite Eq. (2) into the new basis acting between nn triangles i, j , using new local S = 1/2 spin operators s i (i referring to triangles) and pseudospin (chirality) operators τ i . The EM can be then written as,
, where directions d = 1-6 and j = i + d run over nn sites of site i, and new lattice is again TL. We note that Eq. (4) corresponds to the one considered for simplest KL [35, 36] , but it is valid also for TL and nnn J 2 . It is remarkable that the spin part remains SU (2) invariant whereas the chirality part is not, i.e., it is of the XY form.
Here we display only D and F d terms, In the following we focus on the numerical evaluation of the thermodynamic T > 0 properties of EM and SEM. We calculate quantities entering the Wilson ratio, Eq. (1), i.e. the entropy density s(T ) and the uniform susceptibility χ 0 (T ). Both quantities are calculated (see definitions and details in [56] ) via the finite-temperature Lanczos method (FTLM) [57] [58] [59] [60] , which has been recently used to calculate T > 0 static and dynamical properties of J 1 -J 2 HM of TL up to N = 30 sites [54] , as well as thermodynamic T > 0 quantities on KL with up to N = 42 sites [48] . It should be reminded that for thermodynamic quantities involving only conserved quantities [59, 60] computer requirements are essentially equal as for ED g.s. determination and we are limited by the number of basis states. Since SEM has besides total s z tot conserved also τ z tot we can reach in this case N = 48 sites (Ñ = 16 in reduced lattice), while for EM we use up to N = 42 sites. Moreover, FTLM results are expected to become macroscopic (i.e. size independent) for higher T > T f s . Here, the frustration works in favor of the method and we can reach T f s ≪ 1. Since the condition for T f s is closely related to entropy and at given N , we can locate s(T f s ) 0.07 for a given model (for gapped systems FTLM can be followed even to T → 0). Entropy and uniform susceptibility. Let us first benchmark results within the EM and SEM with the existing results for the full HM on TL and KL. In Figs. 1a,b we present s(T ) and χ 0 (T ), respectively, as obtained on TL for J 2 = 0.1 on N = 30 via FTLM on EM and SEM, compared with the full HM on the same size [54] . The qualitative behavior of both quantities within EM and SEM is quite similar at low T < 0.4, although EM (SEM) miss (as expected) s(T ) with increasing T , but apparently also some part of spin fluctuations reducing the value of χ 0 (T ). Still, the peak in χ 0 (T ) (and related spin gap ∆ s > 0 at low T ) are reproduced well within EM, and less satisfactory within SEM. Similar conclusions emerge from In Figs. 3a,b we present the same quantities for the case of KL, now for J 2 = 0, 0.2, 0.4. The effect of J 2 > 0 is opposite, since it is expected to recover the LRO at J 2 ∼ 0.4 [49] , with 120 0 spin orientation analogous to J 2 = 0 TL. The largest low-T entropy s(T ) is found for KL with J 2 = 0. Moreover, EM here yields a quantitive agreement with the full HM [48] , revealing large remanent s(T ) due to singlet (chirality) excitations down to T ∼ 0.01 [42] . Here, in comparison to EM the SEM fails to distribute the drop of s(T ) over a wider T range, but nevetheless reveals large s(T ) down to T ∼ 0.05. The evident effect of J 2 > 0 is to reduce s(T ) and finally leading s(T ) ∝ T 2 at large J 2 ∼ 0.4 which should be a regime of magnetic LRO [49] . Again, at J 2 = 0 in contrast to entropy χ 0 (T ) has well pronounced downturn (both EM and SEM) at T ∼ 0.1 consistent with the triplet gap ∆ t ∼ 0.1 found in most other numerical studies [42, [45] [46] [47] [48] . Introducing J 2 > 0 does not change χ 0 (T ) qualitatively, although SEM indicates on saturation of χ 0 0 (consistent with LRO at T = 0). Wilson ratio -results. To calculate R(T ), Eq. (1), let us first use available results for full HM for TL [54] and KL [48] , comparing in Fig. 4 also the result for unfrustrated HM on a square lattice [54] . Here, we take into account data for T > T f s , acknowledging that T f s are quite different (taking s(T f s ) ∼ 0.1 as criterion) for these systems, representative also for the degree of frustration. Fig. 4 already confirms different scenarios for R(T ). On a squarelattice HM starting from high-T limit R(T ) reaches minimum at T * ∼ 0.7 and then increases consistent with R(T → 0) → ∞ for a 2D system with T = 0 LRO. The same behavior appears for TL at J 2 = 0 with a shallow minimum shifted to T * ∼ 0.3. In contrast, results for KL as well as for TL with J 2 = 0.1 do not reveal such increase, at least not for T > T f s , and they are more consistent with the interpretation that R(T → 0) → 0. [54] , and kagome lattice [48] . Results are presented for T > T f s . tages of reduced number of basis states, essential for ED methods, (S)EM clearly separate effective spin degrees s i , determining χ 0 (T ), and chirality degrees τ i which do not contribute to χ 0 (T ) but enter the entropy s(T ) and related specific heat. The essential common feature of SL regimes in HM on both lattices is a pronounced remanent s(T ) > 0 at T ≪ J, which within the (S)EM has the origin in dominant low-energy chiral fluctuations, well below the effective spin triplet gap ∆ t which is revealed by the drop of χ 0 (T ). As a consequence we observe the vanishing of the Wilson ratio R 0 = R(T → 0) → 0, which might be quite generic feature of 2D SL. Clearly, due to finite-size restrictions we could hardly distinguish a spin-gapped system from scenarios with more delicate gap structure which could also lead to renormalized R 0 ≪ 1. Moreover, it is even harder to establish beyond finite-size the singlet gap ∆ s > 0, which from R(T ) should nevertheless satisfy ∆ s < ∆ t .
Quantities discussed above are (in principle) measurable in real materials and have been indeed discussed for some of them. There are evident experimental difficulties, i.e., χ 0 (T ) can have significant impurity contributions while s(T ) may be masked by phonon contribution at T > 0. The essential hallmark for material candidates for the presented SL scenario should be a substantial entropy s(T ) persisting well below T ≪ J. There are indeed several studies of s(T ) reported for different SL candidates (with some of them revealing transitions to LRO at very low T ), e.g., for KL systems volborthite [10] , YCu 3 (OH) 6 Cl 3 [15] , and recent TL systems 1T-TaS 2 [21] and Co-based SL materials [61] . Still, our model studies cannot exclude the relevant effect of additional terms, e.g., the Dzaloshinski-Moriya interaction [62, 63] and/or 3D coupling, which can reduce s(T ) or even induce LRO at T → 0.
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